Photoexcited radical reactions are critical to processes in both nature and materials, and yet they can be challenging for electronic structure methods due to the presence of strong electron correlation. Reduced-density-matrix (RDM) methods, based on solving the anti-Hermitian contracted Schrödinger equation (ACSE) for the two-electron RDM (2-RDM), are examined for studying the strongly correlated mechanisms of these reactions with application to the electrocyclic interconversion of allyl and cyclopropyl radicals. We combine recent extensions of the ACSE to excited states . The ACSE predicts that the ground-state ring closure of the allyl radical has a high 52.5 kcal/mol activation energy that is consistent with experimental data, while the closure of an excited allyl radical can occur by disrotatory and conrotatory pathways whose transition states are essentially barrierless. Comparisons are made with multireference second-and third-order perturbation theories and multireference configuration interaction. While predicted energy differences do not vary greatly between methods, the ACSE appears to improve these differences when they involve a strongly and a weakly correlated radical by capturing a greater share of single-reference correlation that increases the stability of the weakly correlated radicals. For example, the ACSE predicts a −39.6 kcal/mol conversion of the excited allyl radical to the ground-state cyclopropyl radical in comparison to the −32.6 to −37.3 kcal/mol conversions predicted by multireference methods. In addition, the ACSE reduces the computational scaling with the number of strongly correlated orbitals from exponential (traditional multireference methods) to quadratic. Computed ground-and excited-state 2-RDMs are nearly N -representable.
I. INTRODUCTION
Photoexcited chemical reactions provide a critical pathway for chemical transformation in both nature and materials. 1 The calculation of the excited-state energies and properties, necessary for understanding these reactions, presents a significant challenge for electronic structure theory. Although many quantum-chemical calculations use the mean-field wave function from a Hartree-Fock calculation as a reference within a perturbation theory, many excited states manifest strong electron correlation; this is the correlation that cannot be adequately described without at least two many-electron determinants at the zeroth order of perturbation theory. 2 Multireference versions of perturbation theory or configuration interaction, which include two or more determinants in the reference wave function, can be employed, but these methods often scale exponentially with the number r a of correlated (or active) orbitals in the reference wave function.
Reduced-density-matrix (RDM) methods offer a general framework for decreasing the computational cost of multireference calculations. Because electronic systems such as atoms and molecules have only pairwise interactions, the energy of a) Author to whom correspondence should be addressed. Electronic mail:
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each state of a system can be written as a functional of the two-electron reduced density matrix (2-RDM):
2 D(1, 2;1,2)
where each number represents the spatial and spin coordinates of an electron. While storage of the N -electron wave function or density matrix scales exponentially with the rank r of the one-particle basis, storage of the 2-RDM scales polynomially as r 4 . Historically, the direct calculation of 2-RDMs was not possible because not every two-electron density matrix represents an N -electron density matrix. The 2-RDM must be restricted by necessary constraints known as N -representability conditions. [3] [4] [5] Methods for the direct calculation of an approximate 2-RDM which have recently been developed include (i) the variational 2-RDM method in which the 2-RDM is constrained by a set of N -representability conditions known as p-positivity conditions, 3, [6] [7] [8] [9] [10] [11] [12] (ii) the parametric 2-RDM method in which the 2-RDM is parameterized by twopositivity conditions, 13 and (iii) the contracted Schrödinger methods in which the contracted Schrödinger equation (CSE) or a subset of the equation is solved for the 2-RDM.
known as the anti-Hermitian contracted Schrödinger equation (ACSE). [17] [18] [19] [20] [21] [22] [23] [24] [25] Because the CSE and ACSE depend on p-RDMs where p > 2, their solutions are indeterminant until it is recognized that these higher-particle RDMs can be approximately reconstructed as functionals of the 2-RDM. 14, 16 One of the authors systematized the reconstruction of RDMs through a cumulant theory for RDMs. [26] [27] [28] [29] Applications of the ACSE to the ground state have been made to a number of systems and reactions: (i) the electrocyclic ring opening of bicyclobutane to gauche-1,3-butadiene, 19 (ii) the relative energies of the cis−trans isomers of HO − 3 , 18 (iii) the sigmatropic shift of hydrogen in propene and acetone enolate, 20 and (iv) the study of vinylidene carbene reactions. 23 These applications demonstrate some of the advantages of the ACSE, including (i) its balanced treatment of single-and multireference (strong) correlation for accurate energy differences between different molecular species and states, (ii) its automatic generation of all one-and two-particle properties from the 1-and 2-RDMs without additional computational effort, and (iii) its quadratic scaling r 2 a in the number of active orbitals that enables the treatment of larger active spaces than multireference configuration interaction with similar or improved accuracy. [The total computational scaling of the ACSE is r 2 a (r − r a ) 4 (Refs. 19 and 24) .] For example, in the ring opening of bicyclobutane the energy barrier for the disrotatory pathway includes the energy of a strongly correlated biradical transition state. The ACSE energy barrier of 55 kcal/mol appears to resolve a 10 kcal/mol energy discrepancy between coupled cluster and multireference perturbation methods in the literature. 19 Recently, the ACSE method has been extended to treat excited states and arbitrary spin states with application to the conical intersection in methylene. 22, 24 In this paper we explore using the ACSE to treat strong electron correlation in photoexcited radical reactions with specific application to the conversion of allyl radical to cyclopropyl radical.
The ring closing of allyl radical to cyclopropyl radical and the reverse reaction, the ring opening of cyclopropyl radical, are prototype reactions for electrocyclic reactions in organic chemistry. Electrocyclic reactions are pericyclic reactions involving the transformation of a π bond to a σ bond and an associated ring closure. 30, 31 These reactions may be induced thermally or photochemically and may give rise to stereochemically distinct products by one of two possible modes of transformation: modes where substituents undergo motion in the same direction are called conrotatory and modes where substituents undergo motion in opposite directions are known as disrotatory. The relative stability of these two pathways is largely determined by the phases of the p orbitals on the two carbons involved in the ring closing. When the p orbitals have the same phase, the ring closing proceeds by the disrotatory pathway, and yet when the p orbitals have opposite phases, the ring closing proceeds by the conrotatory pathway. These quantum-mechanical arguments are codified in the well-known Woodward-Hoffman rules. 30 Experimentally, allyl radical is known to undergo cyclization to cyclopropyl radical, following photoexcitation to its first excited state 32, 33 and the ring opening of cyclopropyl radical to allyl radical has been observed under thermal conditions. 34 Merlet et al. performed a study of the cyclization of the ground-state allyl radical as well as its cationic and anionic species by the Hartree-Fock and truncated configuration-interaction methods, 35 while Arnold and Carpenter performed a similar study using density functional theory, coupled cluster methods, and complete-active-space second-order perturbation theory. 36 Both authors report an asymmetrical transition state that occurs along a disrotatory minimum energy path for ring opening and closing. Yamaguchi studied the minimum-energy paths connecting the allyl radical in its first excited state to the ground-state cyclopropyl radical through complete-active-space self-consistentfield calculations and demonstrated that both disrotatory and conrotatory pathways occur with negligible barriers to ring closing. 37 Here we apply the ACSE method to compute the groundand excited-state energies and 2-RDMs of reactants, products, and transition states in the interconversion of the allyl and cyclopropyl radicals. We find that the conrotatory and disrotatory reaction barriers from the ground-state allyl radical to the cyclopropyl radical are large while these barriers from the excited-state allyl radical are negligible-essentially nonexistent. Calculations of the occupation numbers of the natural orbitals reveal strong multireference correlation in the excited states. The natural orbitals are the eigenfunctions of the 1-RDM while their occupation numbers are the corresponding eigenvalues. Results from the ACSE are compared with those from second-and third-order multireference many-body perturbation theories, the coupled cluster method with single and double excitations, the completely renormalized coupled cluster method, and the multireference singles-doubles configuration interaction with and without the Davidson correction. The multireference methods, we find, tend to underestimate the correlation energies of the moderately correlated cyclopropyl radical, which systematically affects reaction energies and barriers.
The remainder of the paper is structured as follows: Sec. II discusses the general 2-RDM theory within the context of contracted Schrödinger theory with extensions to openshell and excited-state systems. Section III discusses the chemical system under investigation and the results of treating this system with the ACSE and several high-quality wave function-based methods. Concluding remarks are presented in Sec. IV.
II. THEORY
The contracted Schrödinger equation and its antiHermitian part, the ACSE, as well as the cumulant theory of RDM reconstruction are briefly presented in Sec. II A. In Sec. II B we discuss the extensions of the ACSE to excited and arbitrary spin states.
A. 2-RDMs from the ACSE
The time-independent Schrödinger equation can be solved for the energy and wave function of the nth state of an N -electron molecular system. Projecting the Schrödinger equation onto the two-electron space yields the CSE for state n:
where a † i and a i are second-quantized creation and annihilation operators that create and annihilate an electron in orbital i. The CSE was first obtained in a coordinate representation in 1976 by Cohen and Frishberg 38 and Nakatsuji. 39 The CSE is an important ingredient for the excited-state 2-RDM methods because it is a stationary-state condition for both ground and excited states.
21 By Nakatsuji's theorem, if the RDMs in the CSE are N -representable, then for energetically nondegenerate states-both ground and excited states-there is a one-to-one mapping between the solutions of the Schrödinger equation and solutions of the CSE. 16, 39 The anti-Hermitian part of the CSE (ACSE)
represents an important subset of the CSE stationary-state conditions. 17, 19, 21 The ACSE was first obtained in 1979 by Harriman who derived it from the CSE. 40 Although the CSE and ACSE were derived more than 30 years ago, their solution for the direct calculation of the 2-RDM was not achieved until more recently. The CSE and ACSE depend upon p-RDMs where p > 2, and hence, they cannot be directly solved for the 2-RDM without additional information about the higher RDMs. In the mid-1990s, Valdemoro and co-workers recognized that the indeterminacy of the CSE could be removed by constructing the 3-and 4-RDMs as functionals of the 2-RDM. 14 Nakatsuji and Yasuda improved the reconstruction through connections with Green's functions, 15 and Mazziotti developed a systematic reconstruction of higher RDMs from lower RDMs through a cumulant theory for RDMs. 26 The elements of the 3-RDM in the ACSE have the following cumulant expansion:
where
The symbol ∧ denotes the Grassmann wedge product (antisymmetric tensor product), 16, 41 and   2   and   3 denote the cumulant (or connected) parts of the 2-and 3-RDMs-the parts which cannot be written as wedge products of lower RDMs. The cumulant p-RDM, whose information scales linearly with system size, vanishes until the ( p − 1)th order of manybody perturbation theory. 26 By setting the cumulant 3-RDM to zero, we have an approximation to the 3-RDM that with the ACSE can generate energies that include all second-and many higher-order correlation effects relative to the HartreeFock reference. 17, 18 Because the ACSE does not explicitly depend upon a reference wave function, we can seed the solution of the ACSE with either a mean-field or a correlated 2-RDM. 17, 19 In this paper, as in Refs. 19-24, we initialize the solution of the ACSE with 2-RDMs from multireference self-consistent-field (MCSCF) calculations. The MCSCF generates orbitals in two classes: (i) active (strongly correlated) orbitals and (ii) inactive (moderately correlated) orbitals. Elements of the cumulant 3-RDM with at least one inactive-orbital index can be neglected in the solution of the ACSE. Further details of the reconstruction in the multireference formulation of the ACSE can be found in Ref. 19 . The solution of the ACSE is obtained by evolving a system of differential equations from the initial 2-RDM (see Refs. 17 and 19) . In theory, the final 2-RDM is obtained when the ACSE vanishes; in practice, the final 2-RDM is generated when either (i) the energy increases or (ii) the norm of the ACSE's residual increases.
B. Excited states and arbitrary spin states from the ACSE
Because the CSE is a complete stationary condition for both ground and excited states when its RDMs are Nrepresentable, it can, in principle, be employed to solve for the energies and 2-RDMs of all states. Although Nakatsuji's theorem does not formally extend to the ACSE, the ACSE furnishes an important subset of these stationary-state conditions. 21 The ACSE has multiple solutions that correspond to the ground and excited states. Recently, we have shown that accurate excited-state solutions of the ACSE can be obtained from seeding the equation with 2-RDMs from MCSCF approximations to the excited states' wave functions. The MCSCF 2-RDMs, containing important correlation signatures, lead to solutions of the ACSE that correspond to the target excited states.
The ACSE method has also recently been extended to treat arbitrary spin states. 22 This extension was achieved through a spin-coupling technique that for arbitrary spin states preserves the efficient matrix blocking of singlet-state 2-RDMs. In the approach we couple a high-spin molecule to one or more hydrogens at "infinite" separation to yield a composite closed-shell system. Importantly, the noninteracting hydrogens can be added without decreasing the point-group symmetry of the high-spin molecule. Consider, for example, a molecule in a doublet spin state ψ 1/2,±1/2 n to which we couple an exact hydrogen wave function at "infinity" φ 1/2,∓1/2 . By standard angular momentum coupling techniques we can write the composite singlet wave function as
The resulting supermolecule is in a singlet state that can be readily treated with the ACSE. This spin-coupling technique, generalizable to arbitrary spin states, 22 has been demonstrated to yield a size extensive (i.e., separable) 2-RDM for high-spin systems of interest. 
III. APPLICATIONS: RESULTS AND DISCUSSION
With the ACSE we study the potential energy surface connecting the ground-state cyclopropyl radical to the allyl radical in both its ground and first-excited states. On the ground-state surface our calculations locate an asymmetric FIG. 1. Molecular structures and point-group symmetries in the rearrangement of allyl radical to cyclopropyl radical are presented. In addition to the ground-state allyl (A, C 2v symmetry) and cyclopropyl (C, C s symmetry) radicals, the figure shows the ground-state disrotatory transition state (TD, C 1 ), the excited-state allyl radical (A * , C 2 symmetry), the disrotatory transition state (TD * , C s symmetry) connecting A * to C, and the conrotatory transition state (TC * , C 2 symmetry) connecting A * to C. transition state connecting the cyclopropyl and allyl radicals via a disrotatory pathway. Similarly, on the excited-state surface, two transition states were located with C s and C 2 symmetries corresponding to the disrotatory and conrotatory transition states, respectively.
A. Computational details
Geometries and zero-point vibrational energies for all reactants, products, and transition states were computed in GAMESS [42] [43] [44] with the complete-active-space self-consistentfield (CASSCF) method in the 6-311G ** basis set. A [3,3]-active space was selected for the CASSCF method where [3, 3] indicates that there are three electrons in the three active (correlated) orbitals. We consider six structures along the ground and excited potential energy surfaces: ground-state allyl radical (A, C 2 v symmetry), ground-state cyclopropyl radical (C, C s symmetry), the ground-state disrotatory transition state (TD, C 1 ), allyl radical in its first excited state (A * , C 2 symmetry), the disrotatory transition state (TD * , C s symmetry) connecting A * to C, and the conrotatory transition state (TC * , C 2 symmetry) connecting A * to C. Molecular structures and point-group symmetries in the rearrangement of allyl radical to cyclopropyl radical are presented in Fig. 1 , while the reactivity of these structures is depicted in Fig. 2 . Calculations with CASSCF did not reveal a conrotatory transition state for the ground-state conversion of allyl and cyclopropyl radicals.
Absolute energies and barrier heights on the ground-state surface were computed by solving the ACSE. We seeded the ACSE with initial 2-RDMs from the CASSCF [3, 3] calculations. Results are compared to those from the coupled cluster singles-doubles 45 (CCSD) method, the completely renormalized coupled cluster 46 (CR-CC) method, second-order multireference many-body perturbation theory (MRPT2), complete-active-space second-and third-order perturbation theories 47 (CASPT2/CASPT3), and multireference singlesdoubles configuration interaction with and without the Davidson correction (denoted MRCI+Q and MRCI, respectively). Except for CASPT2 and CASPT3 which were computed with MOLPRO, 48 all comparative calculations were performed in GAMESS. For comparison, experimental relative energies are reported when available.
B. Summary of arbitrary spin ACSE algorithm
The algorithm for solving the ACSE for energies and 2-RDMs of ground and excited states of arbitrary spin can be summarized as follows: 3. Contract the composite wave function to a trial 2-RDM for seeding of the ACSE. 4. Evolve the 2-RDM by a system of equations described in previous work 21 until one of the stopping criteria is reached.
Compute the expectation value of the energy by
where E H is the energy of a single hydrogen atom. The 2-RDM of the molecule with spin S = m/2 can be readily extracted from the 2-RDM of the singlet supermolecule.
C. Results
Absolute energies from CASSCF and relative energies E METHOD − E CASSCF from methods beyond CASSCF are reported in Hartrees in Table I . For the ground and excited potential energy surfaces, the ACSE yields electronic energies that are 30-42 milli-Hartrees (mH) below those from MRPT2 and CASPT2 and 6.4-10.5 mH below those from CASPT3. Due to its lack of size extensivity, the MRCI recovers about 50 mH less correlation energy than the ACSE. Application of the Davidson Q correction (MRCI+Q), an approximate correction for size extensivity, generates absolute energies that are 1-6 mH lower than those from the ACSE. In the absence of significant multireference correlation, the energies from the ACSE generally lie between those from CCSD and CR-CC, and on the ground state we observe this trend with the CCSD and CR-CC energies lying 6-9 mH higher and 12-13 mH lower than those from the ACSE. Excited-state energies for the radicals could not be readily computed with CCSD or CR-CC in GAMESS. Hence, for the ground-state species A, TD, and C, the MRCI+Q, CR-CC, and ACSE methods appear to yield the most accurate absolute energies, and for the excited-state species A * , TC * , and TD * , the MRCI+Q and ACSE methods appear to yield the most accurate energies.
The degree of strong electron correlation at each stationary point or transition state can be assessed from the naturalorbital occupation numbers, or eigenvalues of the 1-RDM.
In Tables II and III we report occupation numbers for both ground-and excited-state species from CASSCF, MRCI, and ACSE calculations. Occupation numbers, ranging from 0 to 1, are presented for the spin orbitals of the α spin block of the 1-RDM; because S z = 0 for the supermolecule (molecule plus zero or one hydrogen atom), the α and β spin blocks of the 1-RDM are identical. Deviations of natural-orbital occupation numbers from 0 and 1 arise from significant contributions of multiple determinants to the zeroth order of the wave function, and hence they provide a useful measure of multireference (strong) correlation.
The [3, 3] CASSCF active space, employed by both the MRCI and the ACSE methods in Tables II and III, includes  orbitals 11, 12 , and 13, which correspond to the π bonding, nonbonding, and antibonding orbitals in the allyl radical that are involved in the cyclization. For the ground-state molecules the occupation numbers of orbitals 11, 12, and 13 from all three methods are close to 1, 0.5, and 0, respectively, which TABLE II. Natural occupation numbers for ground-state species in the 6-311G ** basis. Occupation numbers reported are the eigenvalues of the one-particle reduced density matrix derived from the MCSCF wave function, the MRCI wave function, and the 2-RDM that solves the ACSE. TABLE III . Natural occupation numbers for excited-state species in the 6-311G ** basis. Occupation numbers reported are the eigenvalues of the one-particle reduced density matrix derived from the MCSCF wave function, the MRCI wave function, and the 2-RDM that solves the ACSE. indicates the lack of any significant multireference correlation. In contrast, for the excited-state molecules A * , TC * , and TD * , the occupation numbers of orbital 11 from the ACSE are 0.64, 0.72, and 0.70 while the occupation numbers of orbital 13 are 0.25, 0.23, and 0.36, respectively. The natural occupation numbers from the ACSE are slightly more correlated than those from MRCI. The large deviations of these occupation numbers from 1 and 0 indicate that single-reference methods will be inadequate for describing the electronic structure of these excited-state species. While orbitals 9, 10, 14, and 15 are not active orbitals, their deviations from 0 and 1 provide information about the inclusion of dynamic correlation, that is, correlation arising from low-lying excitations from a single determinant.
Natural occupation numbers

The ground-state ring opening of cyclopropyl radical, all methods in Table IV indicate, is energetically favorable but with a fairly large activation barrier. The CCSD, ACSE, CR-CC, and MRCI+Q methods predict that the reaction energy for the ring opening of C to A is −28.5, −28.7, −29.5, and −31.4 kcal/mol, respectively. Intuitively, the energetic favorability of the ring opening follows from the relief of the ring strain. The energy from MRCI+Q is 1.9 kcal/mol lower than the energy from the CR-CC method, which we would expect to be quite accurate in the absence of multireference correlation. To determine whether MRCI+Q is over-correlating A or under-correlating C, we can examine the activation energies of A-to-TD and C-to-TD. The CCSD, ACSE, CR-CC, and MRCI+Q methods estimate the activation energies for the ring closing A-to-TD to be 53.9, 52.5, 51.8, and 52.2 kcal/mol, respectively, while they estimate the ring opening C-to-TD to be 25.4, 23.7, 22.3, and 20.8 kcal/mol, respectively. Importantly, MRCI+Q does not appear to over-correlate A because its activation energy to TD is 0.4 kcal/mol above that of CR-CC, but it does appear to under-correlate C because its activation energy to TD is 1.5 kcol/mol below that of CR-CC. In all three cases the ACSE's energy differences lie between those from CCSD and CRCC, which agrees with previous results in moderately correlated molecules. Experimentally, the reaction energy has been reported to be −22.9 ± 5 kcal/mol while estimates of the activation energies are 45.2 ± 7 and 22.7 ± 7 kcal/mol for the ring closing and opening, respectively. 36, 49 In contrast to the ground-state pathway, the cyclization of excited-state allyl radical to ground-state cyclopropyl, which is energetically favorable, can occur through either a conrotatory or a disrotatory mode with practically no energetic barrier. For both ground-and excited-state pathways, Fig. 3 summarizes the relative energies from the ACSE. The ACSE predicts the energy of reaction for the ring closing of A * to C to be −39.6 kcal/mol. The barrier height from A * to either TC * or TD * is computed by the ACSE to be negligible within chemical accuracy. Although the ACSE formally predicts a negative barrier of −0.07 kcal/mol along the conrotatory pathway, this value is too small to reflect meaningfully on the presence or absence of a barrier. The important feature recovered by the ACSE and other levels of theory in TABLE IV. Relative energies (kcal/mol) including zero-point vibrational energies between the structures in Table I . The relative energy E is computed by subtracting the energy of the first structure from the energy of the second structure; e.g., the E corresponding to C → A is computed by subtracting the energy of C from the energy of A. Table IV is that the conrotatory mode of ring closing is practically barrierless in agreement with a previous investigation. 37 In this reaction, as well as in the broader class of photoexcited radical reactions, a balanced description of both singleand multireference electron correlations is crucial for the accurate prediction of energy differences between molecules with differing amounts of strong electron correlation. From the natural-orbital analysis, both the excitation of the allyl radical (A-to-A * ) and the A * -to-C reaction contain a combination of moderately and strongly correlated molecules. Both MRPT2 and CASPT2 predict excitation energies for the allyl radical that are too low at 66.6 and 66.0 kcal/mol, respectively, because they underestimate the correlation energy of the moderately correlated A relative to the strongly correlated A * . The correlation energies of A and A * , in contrast, are nearly equal when computed by CASPT3, MRCI+Q, or ACSE. Hence, all three of these methods give similar excitation energies of 68.3, 68.7, and 68.3 kcal/mol, respectively, which are in good agreement with the experimental number of 70.1 kcal/mol. 50 For the A * -to-C reaction, MRPT2 and CASPT2 yield energy differences that are too small at −32.6 and −36.3, respectively, because as in the excitation of allyl radical they underestimate the correlation energy of the moderately correlated C relative to the strongly correlated A * . Unlike the agreement seen for the allyl excitation energy, the CASPT3, MRCI+Q, and ACSE methods yield a spread of energy differences at −37.8, −37.3, and −39.6 kcal/mol with the ACSE predicting the greatest stabilization of the moderately correlated cyclopropyl radical C. Both this discrepancy between CASPT3/MRCI+Q and ACSE and the discrepancy between CASPT3/MRCI+Q and CR-CC in the A-to-C reaction may be traceable to a common source, the under-correlation of C by CASPT3 and MRCI+Q. The treatment of C by multireference methods is complicated by ring strain, which involves some triple excitations that are included in CR-CC. It is likely that the under-correlation of C from MRPT2 and CASPT2 is not completely corrected by CASPT3 or MRCI+Q. The greater relative stability of C from the ACSE reinforces earlier evidence from applications to ground-state pericyclic and vinyl-carbene reactions that the ACSE provides a balanced treatment of both single-and multireference electron correlation. The ACSE result agrees most closely with the experimental number of −47.2 kcal/mol, which has an uncertainty of at least 5 kcal/mol.
Finally, we examine the deviation of the ACSE computed 2-RDMs from being N -representable. An important class of N -representability constraints, known as two-positivity conditions, requires that each of the following matrix formulations of the 2-RDM be kept positive semidefinite: the two-electron RDM 2 D, the two-hole RDM 2 Q, and the electron-hole RDM 2 G, where a hole is the absence of an electron. A matrix is positive semidefinite if and only if all of its eigenvalues are non-negative. In second quantization, the elements of the 2 D, 2 Q, and 2 G matrices are given as
Physically, the two-positivity conditions, 2 D ≥ 0, 2 Q ≥ 0, and 2 G ≥ 0, ensure that the probability distributions for finding two electrons, two holes, and one electron and one hole are non-negative, respectively. and encodes probability information about electron pairs with α spins. Except for the positive semidefinite αα block of 2 Q, each of the metric matrices has a lowest eigenvalue on the order of −0.002. Importantly, these eigenvalues are small in magnitude relative to the matrices' largest eigenvalues, which are of the order of 1, save for 2 G whose largest eigenvalue is of the order of N . Both ground and excited states have essentially the same N -representability errors.
IV. CONCLUSIONS
The electrocyclic rearrangement of allyl radical to cyclopropyl radical has been studied computationally through both ground-and excited-state mechanisms. Calculations of the energies and 2-RDMs from the ACSE show that the ground-state ring closure of an allyl radical has a high 52.5 kcal/mol activation energy, while closure of an excited allyl radical can occur by either a disrotatory or a conrotatory pathway whose transition state is basically barrierless. Comparisons were made to traditional wave function techniques including coupled cluster methods (CCSD and CR-CC), multireference second-and third-order perturbation theories (MRPT2, CASPT2, and CASPT3), and multireference configuration interaction with and without the Davidson correction (MRCI+Q and MRCI).
This allyl-to-cyclopropyl reaction is representative of a large, important class of photoexcited radical reactions in which key stationary points and transition states are strongly correlated. In this class of reactions, a balanced description of both single-and multireference electron correlations is critical for predicting accurate energy differences between molecules with differing amounts of strong correlation. Previous ACSE calculations on ground-state pericyclic and carbene reactions have shown its ability to treat systems with both strong and moderate electron correlations.
In the present reaction, the excitation of the allyl radical (A-to-A * ) and the A * -to-C reaction contain both moderately and strongly correlated molecules. As seen in Sec. III C, MRPT2 and CASPT2 significantly under-predict the energy differences in both of these reactions because they underestimate the correlation energy of the moderately correlated radicals A and C relative to the strongly correlated excited radical A * . In contrast, CASPT3, MRCI+Q, and the ACSE yield similar estimates of the allyl radical's excitation energy, which are in agreement with the experimental result of 70.1 kcal/mol.
For the A * -to-C reaction, however, the ACSE's energy of 39.6 kcal/mol differs from those of CASPT3 and MRCI+Q by about 2 kcal/mol. Energy differences from CASPT3 and MRCI+Q for the A-to-C reaction also differ from that of CR-CC, which is generally accurate for systems in the absence of strong electron correlation. These two discrepancies are likely traceable to a common source: the underestimation of C's correlation energy by CASPT3 and MRCI+Q. The ACSE energy for the A * -to-C reaction is closest to the experimental value. This result further supports the ACSE's ability, when initiated from an initial 2-RDM from an MCSCF calculation, to treat both moderate and strong electron correlations with similar accuracy.
Because the reconstruction of RDMs within the ACSE is based on cumulant (or connected) parts of the RDMs, the ACSE generates energies and one-and two-electron properties that are size extensive, meaning that they scale correctly with the size of the molecular system. Furthermore, the independence of the ACSE and its 3-RDM reconstruction from a specific reference wave function has two significant advantages: (i) an initiation of the 2-RDM from either a mean-field or a correlated guess facilitates the treatment of both singleand multireference correlations, as mentioned above, and (ii) a quadratic scaling with the number of correlated (active) orbitals in the initial guess 2-RDM, which significantly improves upon the exponential scaling of traditional multireference wave function methods.
Recent advances in the ACSE method, which are discussed in Sec. II B, enable the treatment of molecules in both ground and excited states of arbitrary spin. In this paper, we have investigated this extended ACSE method for the class of photoexcited radical reactions with specific application to the allyl-cyclopropyl isomerization. From the results given, we conclude that the ACSE with its cumulant reconstruction provides an RDM-based approach to studying groundand excited-state chemical reactions with arbitrary spin states, which matches or improves upon the best traditional multireference wave function-based methods, especially in the calculation of energy differences involving both moderately and strongly correlated molecules.
